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ABSTRACT 

We study a multiply warped product manifold associated with 
the Reissner-Nordstrom-AdS metric to investigate the physical 
properties inside the black hole event horizons. Our results in- 
clude various limiting geometries of the RN, Schwarzschild-AdS 
and Schwarzschild space-times, through the successive truncation 
procedure of parameters in the original curved space. 
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1 Introduction 

In order to investigate physical properties inside the black hole horizons, we 
briefly review a multiply warped product manifold (M — B x F\ x ... x F n , g) 
which consists of the Riemannian base manifold (B,gB) and fibers (Fi,gi) 
(i = 1, ...,n) associated with the Lorentzian metric, 



9 = *b9b + J2(fi ° ^BfKdi (1-1) 



8=1 



where 7Tb, 7Tj are the natural projections of B x F\ x ... x F n onto B and Fi, 
respectively, and /, are positive warping functions. For the specific case of 
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(B = R,g B 



—d[i 2 ), the above metric is rewritten as 



n 



g = -dfi 2 + f^g, 



(1.2) 
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to extend the warped product spaces to richer class of spaces involving mul- 
tiple products. Moreover, the conditions of spacelike boundaries in the mul- 
tiply warped product spacetimes [1] were also studied [2] and the curvature 
of the multiply warped product with C°-warping functions was later inves- 
tigated [3]. From a physical point of view, these warped product spacetimes 
are interesting since they include classical examples of spacetime such as the 
Robert son- Walker manifold and the intermediate zone of RN manifold [4, 5]. 
Recently, the interior Schwarzschild spacetime has been represented as a mul- 
tiply warped product spacetime with warping functions [3] to yield the Ricci 
curvature in terms of f\ and fi for the multiply warped products of the form 
M = R x fa R x j 2 S 2 . Very recently, we have studied a multiply warped 
product manifold associated with the BTZ (de Sitter) black holes to evalu- 
ate the Ricci curvature components inside (outside) the black hole horizons. 
We have also shown that all the Ricci components and the Einstein scalar 
curvatures are identical both in the exterior and interior of the event horizons 
without discontinuities for both the BTZ and dS black holes. [6] 

In this paper we will further analyze the multiply warped product man- 
ifold associated with the (3+1) RN-AdS metric to investigate the physical 
properties inside the event horizons. We will exploit the multiply warped 
product scheme to discuss the interior solutions in the RN-AdS black hole 
in section 2 and in various limiting black holes in section 3 so that we can 
explicitly obtain the Ricci and Einstein curvatures inside the event horizons 
of these metrics. 
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2 RN-ADS black hole 



In this section, to investigate a multiply warped product manifold for the 
Reissner-Nordstrom-anti-de Sitter (RN-AdS) interior solution, we start with 
the four-metric 

ds 2 = N 2 dt 2 - N' 2 dr 2 + rW (2.1) 
inside the horizons with the lapse function 



^-i + V-lr-F' 



and dVt 2 = d9 2 + sin 2 8d(f) 2 . Note that for the nonextremal case there exist two 
event horizons r±(Q, I) satisfying the equations = — 1 + 2m/r± — Q 2 jr 2 ± — 
r\_jl 2 . Furthermore the lapse function can be rewritten in terms of these 
outer and inner horizons as follows 

N ^ (r + -r)(r-r.) ^ + (r++r _ )r + ^ (2JJ) 

which, for the interior solution, is well defined in the region r_ < r < r+. 
Note that the parameters Q and / can be rewritten in terms of r± and m as 
follows 

^ 2 r + r_[2m(r 2 h + r + r_ + r 2 ) — r + r_(r + + r_)] 
(r + + r_)(r 2 + r 2 ) 
/2 = (r+ + r_)(r 2 +r 2 ) 
2m — r + — r_ 

Now we define a new coordinate /i as follows 

d/j 2 = N~ 2 dr 2 , (2.5) 
which can be integrated to yield 

^ = /_ [(r+ - x)(x - rJ)(x 2 + (r+ + r_)a; + g 2 / 2 /r + r_)]V2 = F ( r )- ( 2 ' 6 ) 
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Note that drjd[i > implies F 1 is a well-defined function. Exploiting the 
above new coordinate (2.6), we rewrite the metric (2.1) as a warped product 



ds 2 = -dfi 2 + h{ii) 2 dt 2 + tf(fi)dQ 2 (2.7) 

where 

f(u) - ( 1+ 2m Q2 F ~ 2 ^) 1/2 

fM = F~ l (n). (2.8) 

After some algebra, one can obtain the nonvanishing Ricci curvature compo- 
nents for the (3+1) black holes with the warped product (2.7) as follows 



R^n 



D ^f\f\fl f nil 

ritt - 7 r hh , 

J2 

Roe = ^ + / 2 tf + / 2 " + l, 
h 

RH = + hfl + f? + l) sin 2 ^. (2.9) 

Using the explicit expressions for fx and f 2 in Eq. (2.8), one can obtain 
identities for f\, f[ and f" in terms of /i, ji and their derivatives 

fi — fki 

r _™ + 91- Jk 

h ft ft i 2 ' 

pi _ Zfifi Q 2 fi 3/i , , 

to yield the Ricci curvature components 
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p Q 2 fl 3A 2 
tttt — 



fi i 2 ' 

^ = f^-^W*> (2.11) 



and the Einstein scalar curvature 

12 
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it>=--. (2.12) 



3 Various limiting geometries 

In this section, we analyze the various limiting geometries through the suc- 
cessive truncation procedure of the parameters, Q and/or / in the original 
curved RN-AdS manifold. 

3.1 Schwarzschild-AdS limit 

We first consider the RN-AdS case where the lapse function (2.2) inside 
the horizons is easily reduced to the Schwarzschild-AdS space, which is the 
limiting case of Q — >■ 0, 

* = _!+*!!_£. (3.1) 

r l z 

Note that the event horizon r#(/) satisfies the equations = — 1 + 2m/ rn — 
r 2 H /l 2 and the inner event horizon r_ in the RN-AdS case vanishes since Q 
is proportional to r_ as shown in Eq. (2.4). Furthermore the lapse function 
(2.3) in the RN-AdS case is now reduced to the form 

n2 = (r H -r)(r 2 /l 2 + r H r/l 2 + 2m/r H ) 



to yield the coordinate /x as follows 

[{r H - x)[x 2 /l 2 + r H x/l 2 + 2m/r H )] 1 ' 2 



f r dx x ' 

^ = Jo \(r„ - x)(x 2 /l 2 + r H x/l 2 + 2m/r H )} 1/2 = ^'^ 
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Moreover in our Schwarzschild-AdS limit dr/dfi > implies F~ l is a well- 
defined function so that we can rewrite the Schwarzschild-AdS metric with 
the lapse function (3.1) as the warped product (2.7) with 

f(u) - ( 1+ 2m F_2 ^V /2 
Mix) = F- 1 ^). (3.4) 
Using fi and f 2 in Eq. (3.4), we obtain the following identities 

fi — 

A = - 



m f 2 



fi i 2 ' 

h I 

to yield the nonvanishing Ricci tensor components for r < r# 

3 



h = 1 FT' ^ 3 - 5 ) 



— 



Rtt — 

Ree = 



Z 2 ' 

3 A 2 



/ 2 

f 2 



3/1 



/ 2 ' 
3/ : 



2 



^ = -^sin 2 ^, (3.6) 



(3.7) 



and the Einstein scalar curvature 

12 
7 

which is identical to that of the RN-AdS case. 
3.2 RN limit 

We secondly consider the RN limit [4, 5], which is the case of I — >■ oo in the 
metric (2.1) with the lapse function for the interior solution 

ff. _ _! + ?!! _ 2!. (3.8) 
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Note that for the nonextremal case there exist two event horizons r±(Q) 
satisfying the equations = — l+2ra/r± — Q 2 jr\ to yield explicit expressions 

r ± = m±(m 2 -Q 2 ) 1 ' 2 . (3.9) 

Furthermore the lapse function (3.8) can be rewritten in terms of these outer 
and inner horizons 

N 2 = (r+ -^ r - r - } (3.10) 

which is well defined in the region r_ < r < r+. The coordinate \i in Eq. 
(2.6) for the RN-AdS case is now reduced to 



('^' dec cc , , , \ 

^ = J r - [{r + -x){x-r_)f^ { ' 

After some algebra, we obtain explicitly the analytic solution of Eq. (3.11) 



as follows 



/i = 2mcos- 1 ( r+ r ) -[(r + -r)(r-r_)] 1 / 2 = F(r), (3.12) 
\r+ -T-) 

from which we have the boundary conditions 

lim r ^ r+ F(r) = mir, 

lim r _ >r _F(r) = 0. (3.13) 

Here note that dr/d/j, > implies F _1 is a well-defined function. 

Now we can rewrite the RN metric with the lapse function (3.8) as the 
warped product (2.7) with 



F-^/jl) F~*(jm)J ' 
fM = F~ 1 (fj,). (3.14) 

Exploiting f\ and f 2 in Eq. (3.14), we obtain the following identities 



Jl f 2 f 3 ' 

J2 J2 



= — '-T 1 -^, (3-15) 



2fif[ _ tffi 

/2 /2 

to yield the nonvanishing Ricci tensor components for r_ < r < r + 



i2 



Rt 



Q 2 
Q 2 ft 

J2 



Q 



2 

2 



Ree — -72 > 

/2 



2 



= ^-sin 2 ^. (3.16) 

J2 

It is amusing to see that the Einstein scalar curvature (2.12) is reduced to 

R = 0. (3.17) 

3.3 Schwarzschild limit 

Thirdly, we can obtain the Schwarzschild limit without the cosmological con- 
stant from the RN lapse function (3.8) with Q — > limit or the Schwarzschild- 
AdS embedding of (3.1) with I — >■ oo limit. We obtain the vanishing Ricci 
tensor components and Einstein scalar curvature from (3.16) with Q — > 
limit and the Einstein scalar curvature (2.12) is reduced to 

# = 0. (3.18) 

which is consistent with the previous result [3]. 

4 Conclusions 

We have studied a multiply warped product manifold associated with the 
Reissner-Nordstrom-anti-de Sitter (RN-AdS) metric and the limiting cases 
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to evaluate the Ricci curvature components inside the charged black hole 
horizons. Differently from the uncharged Schwarzschild metric where both 
the Ricci and Einstein curvatures vanish inside the horizon, the Ricci curva- 
ture components inside the RN black hole horizons are nonvanishing, even 
though the Einstein scalar curvature vanishes in the interior of the charged 
metric. Moreover, both in the RN-AdS and in the Schwarzschild-AdS limits, 
both the Ricci curvature components and Einstein scalar curvatures inside 
the black hole horizons are nonvanishing. Here one notes that in the pure 
AdS and purely charged limits, the lapse functions associated with the inte- 
rior four-metric are negative definite and thus one cannot apply the multiply 
warped products scheme to these limits. Furthermore, we have shown that 
all the Ricci components and the Einstein scalar curvature are identical both 
in the exterior and interior of the outer event horizon without discontinuities. 
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